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ABSTRACT Studies of intermolecular energy landscapes are important for understanding protein association and adequate
modeling of protein interactions. Landscape representation at different resolutions can be used for the refinement of docking
predictions and detection of macro characteristics, like the binding funnel. A representative set of protein-protein complexes was
used to systematically map the intermolecular landscape by grid-based docking. The change of the resolution was achieved by
varying the range of the potential, according to the variable resolution GRAMM methodology. A formalism was developed to
consistently parameterize the potential and describe essential characteristics of the landscape. The results of gradual landscape
smoothing, from high to low resolution, indicate that i), the number of energy basins, the landscape ruggedness, and the slope
decrease accordingly; ii), the number of near-native matches, defined as those inside the funnel, increases until the trend breaks
down at critical resolution; the rate of the increase and the critical resolution are specific to the type of a complex (enzyme
inhibitor, antigen-antibody, and other), reflect known underlying recognition factors, and correlate with earlier determined
estimates of the funnel size; iii), the native/nonnative energy gap, a major characteristic of the energy minima hierarchy, remains
constant; and iv), the putative funnel (defined as the deepest basin) has the largest average depth-related ruggedness and slope,
at all resolutions. The results facilitate better understanding of the binding landscapes and suggest directions for implementation
in practical docking protocols.

INTRODUCTION

The adequate description of protein-protein interactions is

essential for understanding cell machinery. The intermolec-

ular energy landscape determines structure, kinetics, and

thermodynamics of macromolecule complexes. The major

characteristics of the landscapes—the folding/binding funnel,

the ruggedness of the terrain, etc.—are important for inter-

preting protein folding and interactions and providing

guidelines for modeling (1–13). It has been shown that simple

energy functions, including coarse-grained (low-resolution)

models, reveal major landscape characteristics. The large-

scale, systematic studies of protein-protein complexes con-

firmed the existence of the intermolecular binding funnel

(7,14) and further revealed that the number of distinct energy

basins is small and that they are well formed (funnel like) and

correlated with known binding modes (15).

Spectrum properties of binding landscapes can be char-

acterized by the z-score or by the modified z-score (16,17).

The modified z-score is defined as the ratio of the energy gap

between the native state and the average of the energy

spectrum and the width of the energy spectrum weighted by

entropy per contact in the power �1/2. Recent studies of

protein-protein association (17) and protein-ligand binding

(16,18) showed that the modified z-score has large values for

well-formed funneled landscapes and can be used as a de-

scriptor of binding affinity in search of specific inhibitors or

potential drugs. Studies of the kinetics of biomolecular

binding and kinetic pathways (19–21) showed that the

binding time monotonically decreases with the increase of

the modified z-score. Cooperative binding/folding was stud-

ied by single-molecule dynamics (22,23).

The concept of the binding funnel suggests that a sys-

tematic energy bias forms pathways between unbound and

bound structures all the way to the bottom of the funnel.

These pathways go through a rugged energy surface of the

funnel. The frustration of local interactions and its distribu-

tion in proteins and their complexes has been studied and

reported to correlate with the protein topology and func-

tionality (24–26). Highly frustrated interactions are observed

on the protein surface near the binding site (24). The possi-

bilities for experimental estimates of the landscape rugged-

ness of proteins and RNA have been considered (27). In this

study we show that both the ruggedness and the bias (slope)

of a basin can be powerful discriminating factors for de-

tecting funnel-type basins.

Accurate predictions of protein-protein complexes are

challenging owing to the complexity of the energy landscapes

(multiple minima problem (28)), inherent imperfections of the

energy functions, and computation time limitations. Low-

resolution/minimalist approaches have been shown to simplify

the landscape while retaining its large-scale characteristics

(basins/funnel) important for docking predictions (7,14), albeit

at the cost of the lower precision (29).

An important direction for designing better docking pro-

cedures is smoothing the landscape by reducing its rugged-

ness (28,30), amplifying the funnel/local minima depth ratio

(31), etc. Smoothing as a global optimization strategy has
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been applied to the conformational analysis of molecules

(32–34) and the detection of the global intermolecular energy

minimum in atom clusters (35–41), water clusters (42), helix

dimers (28,43,44), and protein complexes (14,28,45). Four

major smoothing strategies have been developed. The first

approach is based on a diffusion equation formalism

(32,34,37,42,44). The method transforms the original energy

hypersurface to obtain a single minimum, which in most

cases is related to the global one. The second approach is

based on the imaginary time Schroedinger equation (38). The

third approach is a coarse-grained mapping of the energy

landscape applied in conjunction with a ‘‘basin-hopping’’

approach (46,47). The fourth approach utilizes variable range

energy functions: the stair potentials (7,14,15,28), the Morse

potential (36,39,40), the Lennard-Jones potentials (35), and

the gravitational potentials (41). It has been shown (30) that

the extension of the potential range decreases the local rug-

gedness of binding landscapes. According to the principle of

minimal frustration (4,9,48), smooth landscapes better ap-

proximate the actual energy profile.

The variable-range energy function approach based on the

stair potential is implemented in our GRAMM docking

program. In the GRAMM algorithm, the extension of the

potential range averages the contribution of the neighboring

atoms, thus smoothing the energy landscape (28). The ap-

proach was used in this study to track changes of the major

landscape characteristics at different levels of resolution,

from ultralow to atomic. The results show that along the

transition from low to high resolution and the corresponding

increase of the number of energy minima and the landscape

ruggedness, the native/nonnative energy gap remains un-

changed, binding funnels are rougher and steeper than the

rest of the landscape, and the depth of a basin correlates with

its ruggedness and slope, suggesting their use in the funnel

detection for docking predictions.

METHODS

The results are obtained on a set of 92 nonobligate protein-protein unbound

structures with known cocrystallized structures generated by Dockground

(http://dockground.bioinformatics.ku.edu (49,50)). The structures were se-

lected from the Protein Data Bank based on the following criteria: sequence

identity between bound and unbound structures is.97%, sequence identity

between complexes is ,30%, and homomultimers and crystal packing

complexes are excluded. The test set contains 26 enzyme-inhibitor com-

plexes, 6 antibody-antigen structures, and 60 other complexes. The average

root mean-square deviation (RMSD) between bound and unbound receptors

is 2.5 Å and that of the ligands is 1.9 Å.

For the sampling of the landscapes, we used our GRAMM procedure,

which has been extensively described in the literature over the years

(29,31,51–53). It performs a systematic six-dimensional (6D) rigid body

search using correlation by fast Fourier transformation to convolute the

translational coordinates—a method extensively utilized in the protein

docking community. GRAMM was parameterized according to Eq. 3 and

applied to the unbound structures in each complex. In each of the docking

runs, we used the grid step equal to half the range of the potential, a 5�
interval for rotations, and analyzed the 5000 lowest energy matches per

complex.

RESULTS AND DISCUSSION

Energy function

The energy landscapes at different resolutions were described

according to GRAMMmethodology (29,31,51–53) by atom-

atom stair potentials e with two parameters: repulsion energy

U (with attraction energy always equal to �1) and the in-

teraction range R (Fig. 1).

The change of resolution from high to low corresponds to

the increase of the potential range 3.4–11 Å (28). Longer

potential ranges increase the number of atom-atom interac-

tions and change the energy of these interactions. Since the

goal of the study is to explore the binding landscape at dif-

ferent resolutions, it is important to have a consistent route

between the resolutions, which would preserve the gross

features of the landscape. The surface atoms play an impor-

tant role in binding, providing a dominant contribution to the

formation of the intermolecular energy landscape. Thus we

parameterized the potentials based on the condition of in-

variance of the surface atoms’ interaction energies under the

following transformation of the potentials eðRo;UoÞ ¼
eðR;UÞ and R . Ro; where eðRo;UoÞ and eðR;UÞ are the

energies of a surface atom,U andUo are the repulsion values,

FIGURE 1 The stair potential and the concept of low-resolution smooth-

ing. The sampling (docking) procedure, at high resolution, employs a step

function approximation (thin light gray line) of the Lennard-Jones potential

(dashed line). At low resolution, the range of the potential (thick dark gray

line) is extended. The inset shows a schematic representation of the

landscape smoothing. The extended range of the potential removes the

‘‘high-frequency’’ fluctuations (local minima) from the landscape (thin light

gray line) and reveals the ‘‘low-frequency’’ characteristics on the underly-

ing, low-resolution landscape (thick dark gray line).
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and 2R and 2Ro are the interaction ranges of short (high-

resolution) and long (low-resolution) potentials, respectively.

The energy of the interface atom at the high resolution can be

estimated roughly as

eðRo;UoÞ ¼ Uo

R
3

o

3
1� 3a

2Ro

1
a
3

2R
3

o

� �
� R

3

o

3
7� 9a

2Ro

� �
; (1)

where a is the shortest distance between protein surfaces (see
Appendix and Fig. 2). For the low resolution, we have

eðR;UÞ ¼ U
R

3
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Combining Eqs. 1 and 2 gives

UðRÞ ¼ 3

R
3 1� 3a

2R
1

a
3
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3

� ��1
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3

3
7� 9a

2R

� �� �
:

(3)

Using Ro ¼ 1:7A and Uo ¼ 30 (28), we obtain the function

UðRÞ; which approximates well the empirical parameters

used in protein docking earlier (28) (Fig. 3).

Landscape smoothing

A systematic grid-based sampling of energy values by the

GRAMM procedure covers the entire landscape. The values

below a set energy level form low-energy patches: clusters of

points (Fig. 4). Thus the clusters of low-energy matches

provide a convenient way to describe the landscape minima.

We partitioned all docked matches into nonoverlapping

clusters of matches within a set value of RMSD from the

lowest energy match in the cluster. The clustering procedure

used the list of all docked matches ordered according to their

energies by GRAMM. Then, starting from the lowest energy

match (the origin of the first cluster), we computed RMSDs

of this match with respect to all matches with higher energies.

If the RMSD is lower than the clustering limit, we assign the

corresponding higher energy match to the first cluster. The

second cluster grows up from the lowest energy match, which

is not covered by the first cluster. The RMSDs of this match

were computed with respect to all unassigned matches with

higher energies. The algorithm iterates until all docked po-

sitions are assigned to clusters.

The number of minima (clusters) averaged over the test set

versus the potential range is shown in Fig. 5. The data on all

clusters, including single match clusters (Fig. 5 a) and dense

clusters with occupancy higher than average (Fig. 5 b), show a

steady decrease in the number of minima with the increase of

the potential range, illustrating the smoothing of the landscape.

Another view on the landscape-smoothing process can be

provided by following the number of near-native matches

delivered by systematic grid-based sampling at different

smoothing stages. For the purpose of this study, we define a

near-native match as one within the binding funnel. If the total

number of minima decreases along with the smoothing of the

potential, then the number of low-energy matches within the

remaining minima, including the funnel, has to increase.

FIGURE 2 The idealized representation of proteins.

FIGURE 3 Parameters of the stair potential. The repulsion value U is

shown as a function of the potential range R. The analytically derived func-

tion approximates the empirical values (dots) used earlier (28).

FIGURE 4 Characterization of basins on the energy landscape by clusters

of low-energy matches. The grid-based systematic sampling places all

matches (circles) in uniform distribution on the landscape. The matches with

the energy below a set value (solid circles) form clusters, thus defining the

energy basins.
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According to the above definition of the near-native match,

the criterion for a near-native match was RMSD of Ca in-

terface atoms ,5 Å and ,10 Å from the experimentally

determined structure. This corresponds to the earlier esti-

mates of the funnel size (54). The results show that the

number of near-native matches increases with the smoothing

of the potential (Fig. 6). The enzyme-inhibitor complexes

have the largest number of near-native matches. This corre-

sponds to a well-defined funnel, which characterizes this type

of complexes (54), largely based on the dominant geometric

recognition factor—the active site (for the role of geometric

recognition factors, see Nicola and Vakser (55), Nayal and

Honig (56), and Binkowski et al. (57)). For the enzyme-in-

hibitor complexes, the trend of the increasing number of near-

native matches breaks down at the longest ranges of the

potential. The corresponding high degree of smoothing ex-

ceeds the optimum for the moderate size of the funnel in the

enzyme-inhibitor complexes (54). The trend, however, con-

tinues for the category of ‘‘other’’ complexes, which has

larger funnels (54). For the antigen-antibody complexes, the

trend breaks down early, in complete correspondence with

the earlier data on the small size of their funnel (54).

The landscape smoothing is illustrated in the example of

one complex in Figs. 7–9, showing different representations

of the actual 6D (external/rigid body coordinates) landscape.

The convolution of the 6D into a one-dimensional (1D) RMSD

plot is shown in Fig. 7. A three-dimensional (3D) cross section

as the distribution ofminima (low-energymatches) is shown in

Fig. 8. The complete energy profile in two-dimensional (2D)

cross section is shown in Fig. 9.

Hierarchy of landscape minima

We analyzed the energy gap between the detected lowest

point on the landscape and the higher energy states. Such a

gap between the native state (presumed to be the lowest en-

ergy one) and the nonnative states is characteristic to folding

and binding funnel-type landscapes (29,48,58,59). The ratio

Ei
ave=E

i
min (Ei

ave and Ei
min are the average and the minimal

energy values detected by the landscape sampling for com-

plex i) was analyzed as a function of the potential range for

each of the complexes. These ratios were averaged over all 92

complexes from the test set (see Methods). As 2R increased

from 3.4 Å to 11 Å, +92

i¼1
Ei
ave=ð92Ei

minÞchanged unsubstan-

tially from 0.7 to 0.8. Thus the transformation of the land-

scape (smoothing) preserves the characteristic energy gap. It

FIGURE 5 The number of minima (clusters) averaged over the test set

versus the potential range. The data are shown for clustering radii 3, 5, 7, and

10 Å for all clusters including single match clusters (upper panel) and dense

clusters with an occupancy higher than average (lower panel).

FIGURE 6 The average number of near-native matches in 5000 lowest

energy matches for different types of complexes. The near-native matches

were defined as those with ligand interface Ca RMSD , 5 Å (upper panel)
and , 10 Å (lower panel).
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indicates that the smoothing, although removing the high-

frequency landscape fluctuations, preserves the underlying

low-frequency characteristics (Fig. 1), which is important for

an adequate description of the landscape.

Ruggedness and slope

Important characteristics of the energy landscape are its

ruggedness and slope. We calculated average ruggedness

as

n1ðRÞ ¼ 1

92
+
92

i¼1

1

N
i

RMSDI#2

3+
5000

l;m;
l 6¼m

9

����E
i

lðRÞ � E
i

mðRÞ
E

i

mðRÞ

����uð2� RMSD
i

Iðl;mÞÞ
(4)

and average slope as

n2ðRÞ ¼ 1

92
+
92

i¼1

1

N
i

RMSDI#2

3+
5000

l;m;
l 6¼m

9
uð2� RMSD

i

Iðl;mÞÞ
RMSD

i

Iðl;mÞ

����E
i

lðRÞ � E
i

mðRÞ
E

i

minðRÞ

����;
(5)

of the energy landscapes for different potential ranges. Here

Ei
lðRÞ is the energy of match l in the conformational ensemble

of complex i; RMSDi
Iðl;mÞ is the interface RMSD between

matches l and m; uðxÞ is a u-function, uðxÞ ¼ 1 for x . 0 and

uðxÞ ¼ 0 for x , 0; Ei
minðRÞ is the minimal energy of the

conformational ensemble i; Ni
RMSDI#2 is the number of pairs

of conformations with RMSDi
Iðl;mÞ# 2A in the conforma-

tional ensemble i. Primes in sums overm and l in Eqs. 4 and 5

FIGURE 7 Energy landscape at different resolutions convoluted into 1D RMSD plot. Binding scores of 5000 lowest energy matches are shown as a function

of the ligand interface Ca RMSD from the native position in 1bvn complex. Different resolutions of the landscape correspond to potential ranges of 3.4 Å (a),
4 Å (b), 5 Å (c), 6 Å (d), 7 Å (e), 8 Å (f), 9 Å (g), 10 Å (h), and 11 Å (i). The high-resolution landscape shows multiplicity of scattered minima at different

RMSD values. The low-resolution landscape shows a distinct funnel in the small RMSD region.
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and in Eqs. 7–10 below indicate that a pair of matches l and
m are considered one time only. Note that n1ðRÞ is a

dimensionless quantity, and n2ðRÞ is measured in Å�1.

These values are independent of energy units because of the

need of comparison between different potential ranges. To

obtain the energy-dependent values, one can easily modify

Eqs. 4 and 5 by multiplying the internal sums in Eqs. 4 and 5

by Ei
mðRÞ and Ei

minðRÞ accordingly. The definition of n1ðRÞ
is similar to the definition of the local ruggedness intro-

duced in Ruvinsky and Vakser (30). The definition of n2ðRÞ
is closely related to intermolecular forces measured by

chemical force microscopy (60–62). Indeed, the local slope

can be calculated as

n2 ;
El � Em

RMSDIðl;mÞ ¼ �DE

DX
¼ F; (6)

where F is the force that acts on the ligand, attached to the

cantilever of the force microscope, RMSDIðl;mÞ ¼ DX; and
DXis the translational shift of the ligand.
The results show that the averaged ruggedness and the

averaged slope decrease with the increasing of the potential

range (Fig. 10), as expected in the smoothing of the energy

landscape. To compare the ruggedness and the slope of the

total landscape with the ruggedness and the slope of the

deepest basins (putative binding funnels), we modified Eqs. 4

and 5 as

FIGURE 8 3D cross section through the energy landscape at different resolutions shown as distribution of minima (low-energy matches). The data

shows positions of the ligand center of mass in 5000 lowest energy matches for 1bvn complex. Different resolutions of the landscape correspond to

potential ranges of 3.4 Å (a), 4 Å (b), 5 Å (c), 6 Å (d), 7 Å (e), 8 Å (f), 9 Å (g), 10 Å (h) and 11 Å (i). The circle in panel (i) shows the cluster of near-native

matches. Matches with different angular orientation of the ligand may have the same position of the ligand center of mass, the effect that significantly

increases at lower resolutions (53). Thus the number of matches that appear in the 3D plot significantly decreases along the transition to lower resolution

accordingly.
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n
f

1ðRÞ ¼
1

92
+
92
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1

N
i
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+
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9

����E
i
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i
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����uð2� RMSD
i
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i
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i
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and

n
f

2ðRÞ ¼
1

92
+
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i¼1

1
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+
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l 6¼m
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i
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����E
i
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i
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����uð7� RMSDi
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for the putative funnels (deepest basins), and

n
nf

1 ðRÞ ¼
1
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+
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i¼1

1

N
i

RMSDI#2

+
5000

l;m;
l 6¼m

9

����E
i

lðRÞ � Ei

mðRÞ
E

i
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����uð2� RMSD
i

Iðl;mÞÞuðRMSD
i

IðlÞ � 7ÞuðRMSD
i

IðmÞ � 7Þ (9)

and

n
nf

2 ðRÞ ¼
1

92
+
92

i¼1

1

N
i

RMSDI#2

+
5000

l;m;
l 6¼m

9
uð2� RMSD

i

Iðl;mÞÞ
RMSD

i

Iðl;mÞ

����E
i

lðRÞ � E
i

mðRÞ
E

i

minðRÞ

����uðRMSDi

IðlÞ � 7ÞuðRMSD
i

IðmÞ � 7Þ (10)

FIGURE 9 2D cross section through the energy landscape at different

resolutions for 1bvn complex. As opposed to Figs. 7 and 8, which show only

low-energy points, this plot shows all negative (attractive) values, corre-

sponding to the position of the ligand center of mass. The high resolution of

1.7 Å (upper plot) corresponds to the unsmoothed, atomic resolution

landscape; and the low resolution of 5.5 Å (lower plot) corresponds to the

smoothed landscape. The large positive energy values inside the perimeter of

the minima, which correspond to the overlap between ligand and receptor,

are replaced by zero values for clarity.

FIGURE 10 The averaged ruggedness and the slope of the energy

landscape as a function of the resolution (potential range). See text for

details.
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for the nonfunnel landscape. RMSDIðlÞ is the interface

RMSD between match l and the match with the minimal

energy in conformational ensemble i. The funnel size of 7 Å
(54) is used in Eqs. 7–10. The data show that the putative

funnels are more rugged and have a steeper slope than the

rest of the landscape resolutions. These steeper gradients in

the funnel guide the unbound proteins to the bound com-

plex. The steeper gradients mean stronger forces, which

suggests detection of the binding mode not only by the

lowest energy but also by the strongest force, e.g., by in

vitro probing of protein binding sites by force spectroscopy

(60–62).

In our earlier studies of protein-protein energy landscapes

(15), we defined ruggedness based on the density of matches

in the basin (smaller ruggedness corresponds to higher

density of matches). We determined that the density of

matches in the larger, funnel-like basins is higher than in the

nonfunnel basins. Thus, from such a perspective, the funnel

is ‘‘smoother’’ than nonfunnel basins. Conversely, the

current definition of ‘‘ruggedness’’ is based on the relative

depth of minima. The above results show that such depth/

gradient-related ruggedness of the funnels is larger than that

of the nonfunnel landscape. The combination of the density-

related ruggedness and depth-related ruggedness analyses

indicates that a) in comparison with nonfunnel basins, the

funnel has fewer energy barriers in its interior and/or these

barriers are narrower (lower density-related ruggedness); and

b) the funnel gradients are steeper (higher depth-related

ruggedness).

Implications for docking

A number of protein-docking approaches implement a mul-

tistage/multiscale approach, where the initial global search is

performed at lower resolution, followed by the local refine-

ment to a higher resolution (44,63–66). The change of res-

olution is an essential part of the refinement. A major

impediment to the refinement protocols is the uncertainties in

the landscape transformation (44). Such uncertainties lead to

the loss of the refinement trajectories, unnecessary over-

sampling, etc. Thus the quantitative description of the land-

scape change according to the resolution is important for

designing refinement procedures for docking.

Another important implication for practical docking di-

rectly relates to the ruggedness and slope characteristics. The

basin depth-related ruggedness and slope have not been uti-

lized in protein docking. Among various approaches to

funnel detection (e.g., knowledge based (67)), docking pro-

cedures typically use the energy/score of the top-ranked

match and, optionally, the cluster occupancy, in part related

to the density-related ruggedness. Thus the existing docking

methods do not properly account for the basin shape. As a

distinct property of the funnel, the depth-related ruggedness

and the slope should complement the energy and the cluster

occupancy in the docking funnel detection.

CONCLUSIONS

Studies of intermolecular energy landscapes are important for

understanding protein association and adequate modeling of

protein interactions. Landscape representation at different

resolutions can be used for the refinement of docking pre-

dictions and the detection of macro characteristics, like the

binding funnel. A representative set of protein-protein com-

plexes was used to systematically map the intermolecular

landscape by grid-based docking.The changeof the resolution

was achieved by varying the range of the potential according

to the variable resolution GRAMM methodology. A formal-

ism was developed to consistently parameterize the potential

and describe essential characteristics of the landscape.

The results of gradual landscape smoothing, from high to

low resolution, lead to the following major conclusions:

1. The number of energy basins, the landscape ruggedness,

and the slope decrease accordingly.

2. The number of near-native matches, defined as those

inside the funnel, increases, until the trend breaks down

at the critical resolution. The rate of the increase and the

critical resolution are specific to the type of a complex

(enzyme-inhibitor, antigen-antibody, and other), reflect

known underlying recognition factors, and correlate with

earlier determined estimates of the funnel size.

3. The native/nonnative energy gap, a major characteristic

of the energy minima hierarchy, remains constant.

4. The putative funnel (defined as the deepest basin) has the

largest average depth-related ruggedness and slope at all

resolutions.

The results facilitate better understanding of the binding

landscapes and suggest directions for implementation in

practical docking protocols.

APPENDIX

Let us consider a pair of proteins (Fig. 2) and an atom A in protein 2 at

distance x from the surface of protein 1. The interaction energy between atom

A and protein 1 atoms located at the distance r is

eðx;rÞ ¼VðrÞr2drr
Z uo

0

sinudu

Z 2p

0

df¼ 2prVðrÞðr2� rxÞdr;
(11)

where dr is the thickness of the spherical layer in protein 1, r is protein

1 atom density, and uo ¼ arccosðx=rÞ (Fig. 2). For simplicity, we assumed

that potentialVðrÞ does not depend on atom type. The total energy of atomA is

eðxÞ ¼
Z 2R

x

eðx;rÞdr¼ 2pr

Z 2R

x

VðrÞðr2� rxÞdr; (12)

where 2R is the interaction cutoff and a is the closest distance between

proteins. Substituting

VðrÞ ¼
U; 0# r , R
�1; R# r , 2R
0; 2R# r

8<
: (13)
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into Eq. 12, we perform integration over r for x ¼ a. Allowing clash contacts

to override structural differences between unbound and bound structures, we

use a¼ 1.3 Å. In Eq. 12 we assumed that the interface, restricted by polar and

azimuth angles, is flat (Fig. 2). The energy of a surface atom A is

eðaÞ ¼
Z 2R

a

eða;rÞdr¼ 2pr

Z 2R

a

VðrÞðr2� raÞdr

¼U
R

3

3
1� 3a

2R
1

a
3

2R
3

� �
� R

3

3
7� 9a

2R

� �
: (14)
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